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Abstract. We show that non-relativistic and relativistic mechanical systems on a configuration 
space Q can be seen as the conservative Dirac constraint systems with zero Hamiltonians on 
different subbundles of the same cotangent bundle T*Q. The geometric quantization of this 
cotangent bundle under the vertical polarization leads to compatible covariant quantizations of 
non-relativistic and relativistic Hamiltonian mechanics. 

1 Introduction 

We study covariant geometric quantization of Hamiltonian mechanics subject to time- 
dependent transformations, whose configuration space is an (m + l)-dimensional oriented 
smooth manifold Q coordinated by (q x ). This is the case of non-relativistic mechanics on 
a configuration space and relativistic mechanics on a pseudo-Riemannian manifold. 

In non-relativistic mechanics, Q is a fibre bundle over the time axis R provided with 
the Cartesian coordinate q° = t with affine transition functions t' = t+const. Its different 
trivializations Q = R x M correspond to different non-relativistic reference frames. In 
relativistic mechanics, a configuration manifold Q need no fibration over R, but is a time- 
like oriented pseudo-Riemannian manifold with respect to a non-degenerate metric g of 

signature (+, •). It admits a coordinate atlas {([/; q°, q k )} where g 00 > on each 

coordinate chart. Such a coordinate chart provides the local fibration 

U3(q ,q k )~q°eR, (1) 

and can be seen as a local non-relativistic configuration space. In particular, if Q = R 4 
and g is the Minkowski metric, one comes to Special Relativity. 

Let T*Q be the cotangent bundle T*Q of Q. Coordinated by (q x ,p\ = q\), it is 
provided with the canonical Liouville form 5 = p\dq x , the above mentioned symplectic 
form Q — dE, and the corresponding Poisson bracket 

{f,9h = d x fd x f - d x fd x f 
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on the ring C°°(T*Q) of smooth real functions on T*Q. We will show that the cotangent 
bundle T*Q of Q plays a role both of the homogeneous momentum phase space of non- 
relativistic mechanics and the momentum phase space of relativistic mechanics on Q, but 
non-relativistic and relativistic Hamiltonian systems occupy different one-co dimensional 
subbundles N and N' of T*Q — > Q. They are given by the constraints 



Po + n(q\ p k ) = 0, (b) <j> N , = g^H'd v H' -1 = 0, 



where Tt and TC are non-relativistic and relativistic Hamiltonians, respectively. Solutions 
of non-relativistic and relativistic Hamiltonian systems are vector fields on N and N', 
which obey the constraint Hamilton equations 

(a) 7 J^v = 0, (6) 7 'J^V = 0, (3) 

where and are the pull-back presymplectic forms on N and N'. These are equa- 
tions of the conservative Dirac constraint dynamics on the symplectic manifold (T*Q, Q), 
whose Hamiltonian is constant on a primary constraint space. 

Therefore, in order to quantize non-relativistic and relativistic mechanics, one can 
provide the geometric quantization of the cotangent bundle T*Q, where non-relativistic 
and relativistic Hamiltonian systems are characterized by quantum constraints 

(a) = 0, (b) $ N ^' = (4) 

on elements ip of the quantum space. 

Recall that the geometric quantization procedure falls into the following three steps: 
prequantization, polarization and metaplectic correction (e.g., [0, [15], ^0|). Given a sym- 
plectic manifold (Z, Q) and the corresponding Poisson bracket {, }, prequantization as- 
sociates to each element / of the Poisson algebra C°°(Z) on Z a first order differential 
operator / in the space of sections of a complex line bundle C over Z such that the Dirac 
condition 

[£/*] = -<{£?'} (5) 

holds. Polarization of a symplectic manifold (Z, Q) is defined as a maximal involutive 
distribution T C TZ such that Orth^T = T, i.e., 

Q(u,v) = 0, Vu,veT z , zeZ. (6) 

Given the Lie algebra T(Z) of global sections of T -> Z, let A T C C°°(Z) denote the 
subalgebra of functions / whose Hamiltonian vector fields Uf fulfill the condition 

[«,,T(Z)]CT(Z). (7) 
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Elements of this subalgebra are quantized only. Metaplectic correction provides the pre- 
Hilbert space Et where the quantum algebra At acts by symmetric operators. This is 
a certain subspace of sections of the tensor product C <8> T> of the prequantization line 
bundle C — > Z and a bundle T> — > Z of half- densities on Z. The geometric quantization 



procedure has been extended to Poisson manifolds [T7|, |18| and to Jacobi manifolds 0. 

Geometric quantization of the cotangent bundle T*Q is well-known (e.g., 0, [L5], f20|1 ). 
The problem is that geometric quantization of T*Q does not automatically imply quan- 
tization of non-relativistic mechanics. 

The momentum phase space of non-relativistic mechanics is the vertical cotangent 
bundle V*Q of Q — > R, endowed with the holonomic coordinates (t = q°,q k ,Pk)- It is 
provided with the canonical Poisson structure 

{/, f'}v = d k fd k f - d k fd k f\ f, f G C°°(V*Q), (8) 



whose symplectic foliation coincides with the fibration V*Q -> R | [14]]. Of course, 
one can quantize directly the Poisson manifold V*Q. The problem is that non-relativistic 
mechanics can not be described as a Poisson Hamiltonian system on the momentum phase 
space V*Q. Its Hamiltonian TC is not an element of the Poisson algebra C°°(V*Q), but a 
global section of the one-dimensional affine bundle 

C : T*Q -> V*Q. (9) 

Therefore, the non-relativistic Hamilton equation can be written as the constraint Hamil- 
ton equation (|3]) on the cotangent bundle T*Q. 

Thus, we need compatible geometric quantizations both of the cotangent bundle T*Q 
and the vertical cotangent bundle V*Q §|. We use that the fibration (||) defines the 
symplectic realization of the Poisson manifold (V*Q, {, }y), i.e., 

C{f,f'}v = {Cf,Cf'}T (io) 

for all /, /' G C°°(V*Q). As a consequence, there is the monomorphism 

C : (C°°(V*Q), {, } v ) -> (C°°(T*Q), {, } T ) (11) 

of the Poisson algebra on V*Q to that on T*Q. 

The problem is that, though prequantization of T*Q leads to prequantization of V*Q, 
polarization of T*Q need not imply polarization of the Poisson manifold V*Q. We will 
show that the Schrodinger representation of T*Q by operators on half-densities on Q yields 
the geometric quantization of V*Q such that the monomorphism of Poisson algebras (JTTJ) 
can be prolonged to that of quantum algebras. This prolongation is also required in order 
that non-relativistic and relativistic geometric quantizations be compatible on a local chart 
([l|) of the relativistic configuration space Q. Such a compatibility takes place in heuristic 
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quantum theory where space-time coordinates q x and spatial momenta p k have the same 
Schrodinger representation in non-relativistic and relativistic quantum mechanics. Given 
the Schrodinger representation of T*Q, the quantum constraint equations make a sense 
of the Schrodinger equation in non-relativistic quantum mechanics and the relativistic 
quantum wave equation in the presence of a background metric g. 

A fault of the Schrodinger representation of T*Q is that the corresponding quantum 
algebra At consists of functions which are at most affine in momenta. Therefore, it 
does not include the most of physically relevant Hamiltonians. If a Hamiltonian ri is 
a quadratic in momenta, one can represent it as an element of the universal algebra of 
the Lie algebra At, but this representation is not always globally defined. This problem 
becomes especially important if one considers the non-relativistic limit of a relativistic 
systems because a transitive Hamiltonian is not a polynomial. It means that there is no 
satisfactory transition between quantum non-relativistic and relativistic systems. 

2 Non-relativistic Hamiltonian dynamics 

The dynamic equation (0a) is obtained as follows. Every global section 

h:V*Q-^T*Q, poh = -H(t,q j , Pj ) (12) 

of the affine bundle ( (ffi) yields the pull-back Hamiltonian form 

H = h*E = p k dq k - Hdt (13) 

on V*Q. Given a trivialization 

V*Q = R x T*M, (14) 

the form H is the well-known integral invariant of Poincare-Cartan, where ri is a Ha- 



miltonian H]. Given a Hamiltonian form H ([13]), there exists a unique Hamiltonian 
connection 

lH = d t + d k Hd k - d k Hd k (15) 
on the fibre bundle V*Q —>■ R such that 

m\dH = (16) 



|| |14| . It defines the Hamilton equations on V*Q. 

Let us consider the pull-back (*H of the Hamiltonian form H = h*S onto the cotangent 
bundle T*Q. It is readily observed that the difference H — (*H is a horizontal 1-form on 
T*Q — > R. Then the contraction 

n* = d t \ (s - ch) = P + n (17) 
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is a function on T*Q. It is exactly the constraint function <pN (@a) of the image N = Imh 
of the closed imbedding h dl2|) . It is given by the constraint 

H* = p + H(t, q k , p k ) = 0. (18) 

Let us consider the equation 

-y\i* N n = 0, i N :N->T*Q, (19) 

for a vector field 7 on N. It defines a conservative Dirac constraint system with a zero Ha- 
miltonian on the primary constraint subspace (§a) of the symplectic manifold T*Q. Being 
a one-codimensional closed imbedded submanifold, the constraint space N is coisotropic. 
Therefore, a solution of the equation ( |19|) always exists || |T^|. If ^\dt = 1, it is readily 
observed that T^7 = jh, where T£ denotes the tangent morphism to ( (|9|). 

A glance at the equation ( |I6|) shows that one can think of the Hamiltonian connec- 
tion 7# as being the Hamiltonian vector field of a zero Hamiltonian with respect to the 
presymplectic form dH on V*Q. Therefore, one can consider geometric quantization 
of the presymplectic manifold (V*Q,dH), besides geometric quantization of the Poisson 
manifold (V*Q, {,}). Given a trivialization (II), this quantization has been studied in 



Usually, geometric quantization is not applied directly to a presymplectic manifold 
(Z,uj), but to a symplectic manifold (Z',lj') such that the presymplectic form uj is a pull- 
back of the symplectic form u' . Such a symplectic manifold always exists. The following 
two possibilities are customarily considered: (i) (Z',lj') is a reduction of (Z,uj) along 
the leaves of the characteristic distribution of the presymplectic form u of constant rank 
f| |16| , and (ii) there is a coisotropic imbedding of (Z,u) to (Z',u') @, |5j. 



In application to (V*Q,dH), the reduction procedure meets difficulties as follows. 
Since the kernel of dH is generated by the vectors (d t , dkHd k — d h Hdk, k — 1, . . . , m), the 
presymplectic form dH in physical models is almost never of constant rank. Therefore, 
one has to provide an exclusive analysis of each physical model, and to cut out a certain 
subset of V*Q in order to use the reduction procedure. 

The second variant of geometric quantization of the presymplectic manifold (V*Q, dH) 
seems more attractive because any section h (0) is a coisotropic imbedding. Then the 
geometric quantization of the presymplectic manifold (V*Q, dH) consists in geometric 
quantization of the cotangent bundle T*Q and setting the quantum constraint condition 
d^a) on physically admissible quantum states. 

Thus, presymplectic geometric quantization of V*Q agrees with the above manifested 
approach to quantization of non-relativistic mechanics which requires additionally that 
geometric quantization of T*Q also provides quantization of the Poisson algebra on V*Q. 
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3 Relativistic Hamiltonian dynamics 

We aim to show that classical Hamiltonian relativistic mechanics on the configuration 
space Q can be seen as a conservative constraint Dirac system on the cotangent bundle 
T*Q. 

We start from describing the velocity and momentum phase spaces of relativistic me- 
chanics n g. 

The velocity phase space of relativistic mechanics is the first order jet manifold J\Q of 
1-dimensional submanifolds of the manifold Q. It consists of the equivalence classes [S] 1 , 
q G Q, of one- dimensional imbedded submanifolds of Q which pass through q G Q and 
are tangent to each other at q. Given the coordinates (q°, q k ) on Q with the transition 
functions 

q°^Q°(q°,q j ), q k - f(q°, (20) 

the jet manifold J\Q is endowed with the adapted coordinates (q°, q k , q*) whose transition 
functions are obtained as follows. Let do = <% + q^dk be the total derivative. Given 
coordinate transformations (|20|) , one can easily find that 



, i on , { dq° , ~kdq°\ , 

d~ = d~ (q )d q o =^— + q Q —j d q o. 



Then we obtain the equation 



Its solution is 

*-(S+<5)/(8+*5'i- (2l) 



A glance at the transformation law (|2l|) shows that the fibration 7r : J\Q — > Q is a 
projective bundle. 

Example 1. Put Q = R 4 whose Cartesian coordinates {q°,q h ) are subject to the Lorentz 
transformations 

q° = q°cha - qhha, q 1 = -q°sha + q^ha, q 2 ' 3 = q 2 ' 3 . (22) 

Then (pT|) is exactly the transformations 

„j _ -sha + gp-cha _ 2i3 _ gp' 3 

^° cha — qosha ' ^° cha — q^sha 
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of three-velocities in Special Relativity. 

Thus, one can think of the velocity phase space J\Q as being the space of non- 
relativistic velocities of a relativistic system. 

The space of relativistic velocities is the tangent bundle TQ of Q equipped with the 
holonomic coordinates (q x ,q x ). We have the map 

A : J\Q 3 q k i ► (q°, q k = q°q k ) C TQ, (23) 

over Q which assigns to each point of J\Q a line in TQ. There is the converse map 

g:TQ^ j\Q, q k o g = q k /q\ (24) 

such that go A = Id J\Q. It should be emphasized that, though the expression fl24[) looks 
singular at q° = 0, this point belongs to another coordinate chart, and the morphism g is 
well defined. 

A pseudo-Riemannian metric g on Q defines the subbundle of hyperboloids 

W g = {q x E TQ : g^qW? = 1} (25) 

of TQ. Then, restricting g ( p4"D and the image of A (|23| ) to W g , we obtain the familiar 
relations between non-relativistic and relativistic velocities in relativistic mechanics. Since 
Q is assumed to be time-oriented, the subbundle of hyperboloids W g is a disjoint union 
of the subbundles (q° > 0) and W~ (q° < 0). Hereafter, we will consider only its 
connected component W^. 

Remark 2. Note that, in non-relativistic mechanics on a configuration bundle Q — > R, 
relativistic velocities of a non-relativistic system live in the subbundle q° = 1 of TQ. In 
particular, any non-relativistic dynamic equation on Q — > R is equivalent to a geodesic 
equation with respect to a connection on the tangent bundle TQ — > Q || [10| . 

The standard Lagrangian formalism fails to be appropriate to relativistic mechanics 
in a straightforward manner because a Lagrangian 

L = C(q x ,q k )dq° } (26) 

is defined only locally on a coordinate chart {U;q°,q k ) of the velocity phase space J\Q. 
Nevertheless, given a motion q k = c k (q°), the pull-back c*L of a Lagrangian (p6|) is well 
behaved under transformations Q2Tj) where dq° = d q o(q°)dq°. 

Therefore, let us consider a local regular Lagrangian L (p6|) on a coordinate chart 
(U; q°, q\ q l ) of JlQ, treated as a local velocity phase space of a non-relativistic me- 
chanical system. This system can be described as a local Dirac constraint system on 
the cotangent bundle T*Q\u in the framework of the well-known Hamilton-De Donder 
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formalism (e.g., ||). Indeed, the Poincare-Cartan form associated to the Lagrangian L 
defines the Legendre morphism 

H L :J 1 Q\ U -^T'Q\ V , Po = C-ql^, Pi = — , (27) 

where the cotangent bundle T*Q of Q plays a role of the homogeneous momentum phase 
space of non-relativistic mechanics. If a Lagrangian L is regular, the equations (|27j) are 
solvable uniquely for 

Po = <P(q^Pi)- (28) 

Then a solution of the Lagrange equations is an integral curve of the vector field 7 on the 
constraint space N (|28| ) which fulfills the equation 

7j^v = 0, 

where is the pull-back onto N of the symplectic form Q on T*Q. This is a Dirac 
constraint system on T*Q in the case of a constant Hamiltonian on the primary constraint 
space (f28|). 

For instance, the Lagrangian 

L m = -m(l-Y,(qi ) f) 1/2 dq (29) 

i 

of a free relativistic point mass m in Special Relativity is regular on the ball XX<?o) 2 < 

i 

1, and defines a Dirac constraint system with a constant Hamiltonian on the primary 
constraint space 

Vl-T,v1 = m 2 . (30) 

i 

Therefore, let us describe a relativistic mechanical system as a conservative Hamil- 
tonian system on the symplectic manifold T*Q which is characterized by a relativistic 
Hamiltonian 

H : T*Q -> R (31) 

H [13|, [TJ|]. One also considers T*Q, but provided with another symplectic form, e.g., 
Q + F where F is the strength of an electromagnetic field [15 |. 

Any relativistic Hamiltonian H (|31|) defines the Hamiltonian map 

H : T*Q -> TQ, = ^H, (32) 
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over Q from the relativistic momentum phase space T*Q to the space TQ of relativistic 
velocities. Since the relativistic velocities of a relativistic system live in the velocity 
hyperboloid we have the constraint subspace N' = H -1 (W g + ) (|2|b) of the relativistic 
momentum phase space T*Q. Let us assume that N' — > Q is a closed imbedded one- 
codimensional subbundle of T*Q and, consequently, is coisotropic. It takes place if the 
Hamiltonian map (|32|) is of constant rank. Then a relativistic mechanical system can 
be described as a conservative Dirac constraint system on the primary constraint space 
zjv' : N' — > T*X (0b). Its solutions are integral curves of the Hamiltonian vector field 7' 
on N' which obeys the relativistic Hamilton equation 

yji^fi= -i^dH. (33) 

A simple calculation shows that, if 

{7i,g llu & i nff"H}T = 0, (34) 
the equation (|33|) has a solution 

7 ,A = <9 A ft, y A = -d x H. (35) 
Let us give a few basic examples of relativistic Hamiltonian systems. 

Example 3. The relativistic Hamiltonian of a free relativistic point mass in Special Rela- 
tivity is 

H = —tTp^u, (36) 

where rj is the Minkowski metric, while the constraint space N' is given by the equation 
(p0|). It is readily that this Hamiltonian fulfills the condition fl3"4|). Moreover, its restriction 
to the constraint space is a constant function. Then the Hamilton equation (|33|) takes the 
form 



u\i* N n = 0. (37) 
Its solution ( |35|) reads 



7a = °) Vk = const, p = -(m 2 - rf k pjp k 
1 ... 



-1/2 



7' A = ^ A "P 

m 



Then, we obtain the familiar expression for three-velocities 



Qo = -rf l pi(m 2 - r] jk p jPk ) 1/2 . 
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Example 4- Let us consider a point electric charge e in the Minkowski space in the presence 
of an electromagnetic potential A\. Its relativistic Hamiltonian reads 

H = --^rip* ' eA,){ Pu - eA u ), 
while the constraint space N' (^|b) is 
rTip* ~ eA^ipu - eA v ) = m 2 . 

As in the previous example, the Hamilton H fulfills the condition (0), and its restric- 
tion to the constraint space is a constant function. Therefore, the relativistic Hamilton 
equation (|33|) takes the form (^). Its solution (|35|) is 

i x = -^d x A li (p v -eA v ), (38) 

y* = --rf k {p k - eA k ), 7 /0 = -V 00 (m 2 - V ij (Pi ~ e4)(Pi - eA,))^ 2 . (39) 
m m 

The equality (|39"D leads to the usual expression for the three-velocities 

p k = -mr] ki q l (l + rfo<?ogo)~ 1/2 + A k 

Substituting this expression in the equality fl38"D, we obtain the familiar equation of motion 
of a relativistic charge in an electromagnetic field. 



Example 5. The relativistic Hamiltonian for a point mass m in a gravitational field g on 
a 4-dimensional manifold Q reads 

n=-^-g^(q) P ^ v , (40) 
while the constraint space N' (@b) is 
g^V^Vv = m 2 . 

As in previous Examples, the relativistic Hamilton equation (|3^) takes the form (|37|). 
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4 Prequantization 



Basing on the standard prequantization of the cotangent bundle T*Q, we will construct 
the compatible prequantizations of the Poisson bundle V*Q — > R. 

Let us recall the prequantization of T*Q (e.g., 0, [15|, pOf]). Since its symplectic form 
Q is exact and, consequently, is of zero de Rham cohomology class, the prequantization 
bundle is the trivial complex line bundle 

C = T*Q x C -f T*Q, (41) 

whose Chern class C\ is zero. Coordinated by (q x ,p\, c), it is provided with the admissible 
linear connection 

A = dp x ® <9 A + dg A (8) (<9 A + ip A c<9 c ) (42) 
with the strength form F = —ifl and the Chern form 

ci = —F = —a 

The A- invariant Hermitian fibre metric on C is g(c, c) = cc. The covariant derivative of 
sections s of the prequantization bundle C (f4~l"D relative to the connection A fl4"2f) along 
the vector field w on T*Q takes the form 

V u (s) = (u x d x -tu x Px )s. (43) 

Given a function / e C°°(T*Q), the covariant derivative ( ^3]) along the Hamiltonian 
vector field 

of / reads 

V Uf = d x f(d x -t Px )-dxfd x . 

Then, in order to satisfy the Dirac condition ([D, one assigns to each function / 6 
C°°(T*Q) the first order differential operator 

m = -i(V U/ + if)s = [-iu f + {f - P xd x f)]s (44) 

on sections s of the prequantization bundle C ( p]) . For instance, the prequantum opera- 
tors ( f4*4"D of local functions / = p\, f = q k and global functions / = t, f = 1 read 

p x = -id x , q x = id x + q x , 1 = 1. 
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For elements / of the Poisson subalgebra (*C°°(V*Q) C C°°(T*Q), the Kostant-Souriau 
formula (144]) takes the form 



f(s) = [-i{d k fd k - d x fd x ) + (/ - Pk d k f)}s. (45) 

Turn now to prequantization of the Poisson manifold {V*Q, {, }y). The Poisson bivec- 
tor w of the Poisson structure (§) on V^*Q reads 

w = d k Ad k = -[w,u} s ^ (46) 

where [, ]sn is the Schouten-Nijenhuis bracket and u = p k d k is the Liouville vector field 
on the vertical cotangent bundle V*Q — > The relation fl46|) shows that the Poisson 
bivector w is exact and, consequently, has the zero Lichnerowicz-Poisson cohomology 



class [§, Therefore, let us consider the trivial complex line bundle 



C v = V*Q x C -f V*Q (47) 

such that the zero Lichnerowicz-Poisson cohomology class of w is the image of the zero 
Chern class c\ of Cy under the cohomology homomorphisms 

h*(v*q, z) - /wv*q) - F* P (y*g). 



Since the line bundles C (41) and Cy (pT7|) are trivial, C can be seen as the pull-back 
C*Cy of Cy, while Cy is isomorphic to the pull-back h*C of C with respect to a section 
h fljjP of the affine bundle @. Since Cy = /i*C and since the covariant derivative of the 
connection A (f|^) along the fibres of ( @ is trivial, let us consider the pull-back 

h*A = dp k <g> d k + dq k ® (d k + ip k cd c ) + dt <g> (<9 4 - i^c9 c ) (48) 



of the connection A (J42 ) onto Cy — > V*Q @- This connection defines the contravariant 
derivative 

V^Sy = V^tt^Sy (49) 

of sections sy of Cy — > V*Q along one-forms on V*C/. This contravariant derivative is 
corresponded to a contravariant connection Ay on the line bundle Cy — > V*Q |i"8"| . It is 
readily observed that this contravariant connection does not depend on the choice of a 



section h. By virtue of the relation (|49f), the curvature bivector of Ay is equal to — iw |19 



i.e., Ay is an admissible connection for the canonical Poisson structure on V*Q. Then 
the Kostant-Souriau formula 

fy{s V ) = {~iV Uvf + f) S y = [-l(d k fd k - d k fd k ) + (/ - Pjfe dV)W (50) 
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defines prequantization of the Poisson manifold V*Q, where sy are sections of the line 
bundle Cy. 

It is immediately observed that the prequantum operator fy ( |50D coincides with the 
prequantum operator (*f (|45| ) restricted to the pull-back sections s = (*sy of the line 
bundle C. Thus, prequantization of the Poisson algebra C°°(V*Q) on the Poisson manifold 
(V*Q, {, }) is equivalent to its prequantization as a subalgebra of the Poisson algebra 
C°°(T*Q) on the symplectic manifold T*Q. 



5 Polarization 



Given compatible prequantizations of the cotangent bundle T*Q and the Poisson bundle 
V*Q — ► R, let us now construct their compatible polarizations. 

Recall that, given a polarization T of a prequantum symplectic manifold (Z,Q), the 
subalgebra At C C°°(Z) of functions / obeying the condition (^) is only quantized. More- 
over, after further metaplectic correction, one considers a representation of this algebra 
in a quantum space Et such that 

V u e = 0, V« 6 T(Z), e G Et- (51) 

Recall that a polarization of a Poisson manifold (Z, {, }) is defined as a sheaf T* of 
germs of complex functions on Z whose stalks T*, z G Z, are Abelian algebras with respect 
to the Poisson bracket {, } |19[ . One can also require that the algebras T* are maximal, 
but this condition need not hold under pull-back and push-forward operations. Let T*(Z) 
be the structure algebra of global sections of the sheaf T*; it is also called a Poisson 
polarization [|l7], [H| . A quantum algebra At associated to the Poisson polarization T* is 
defined as a subalgebra of the Poisson algebra C°°(Z) which consists of functions / such 
that 



{f,T*(Z)}GT*(Z). 

Polarization of a symplectic manifold yields its maximal Poisson polarization, and vice 
versa. 

There are different polarizations of the cotangent bundle T*Q. We will consider those 
of them whose direct images as Poisson polarizations onto V*Q with respect to the mor- 
phism ( (Q) are polarizations of the Poisson manifold V*Q. This takes place if the germs 
of a polarization T* of the Poisson manifold {T*Q, {, }t) are constant along the fibres of 
the fibration ( (JD |19], i.e., are germs of functions independent of the momentum coordi- 



nate po = p. It means that the corresponding symplectic polarization T of T*Q is vertical 
with respect to the fibration T*Q — >■ R. 
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The vertical polarization VT*Q of T*Q obeys this condition. It is a strongly admissible 
polarization, and its integral manifolds are fibres of the cotangent bundle T*Q — > Q. One 
can easily verify that the associated quantum algebra At consists of functions on T*Q 
which are at most affine in momenta p\. The quantum space associated to the vertical 
polarization obeys the condition 

V u , dx e = 0, Wee E T . (52) 

Therefore, the operators of the quantum algebra At on this quantum space read 

/ = «V)Pa + &(<?"), / = -iV a , 8x + b. (53) 

This is the Schrodinger representation of T*Q. 

The vertical polarization of T*Q defines the maximal polarization T* of the Poisson 
manifold V*Q which consists of germs of functions, constant on the fibres of V*Q — > Q. 
The associated quantum space Ey obeys the condition 

V ukdk e = 0, Wee E v . (54) 

The quantum algebra Ay corresponding to this polarization of V*Q consists of functions 
on V*Q which are at most affine in momenta pk- Their quantum operators read 

/ = aVK + / = -Ka*a k + b. (55) 

This is the Schrodinger representation of V*Q. 

6 Metaplectic correction 

To complete the geometric quantization procedure of V*Q, let us consider the metaplectic 
correction of the Schrodinger representations of T*Q and V*Q. 

The representation of the quantum algebra At ([53"D can be defined in the subspace of 



sections of the line bundle C — > T*Q which fulfill the relation (52) . This representation 
reads 

/ = aV)PA + 6(0. f = -ia x d x + b, (56) 

and, therefore, can be restricted to sections of the pull-back line bundle Cq = 0*C — > Q, 
where is the canonical zero section of the cotangent bundle T*Q — > Q. However, this is 
not yet a representation in a Hilbert space. 

Let Q be an oriented manifold. Applying the general metaplectic technique |2|, [2(|, we 
come to the vector bundle P1/2 — > Q of complex half-densities on Q with the transition 
functions p' = J~ 1 / 2 p, where J is the Jacobian of the coordinate transition functions on 
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Q. Since Cq —> Q is & trivial bundle, the tensor product Cq ®X>i/2 is isomorphic to Vi/ 2 . 
Therefore, the quantization formula ( |56|) can be extended to sections of the half-density 
bundle T>i/ 2 — > Q as 

/ = a\q») Px + &(g"), /p = (-zL a , 0A + 6)p = ( ia x d\ - l -d x {a x ) + 6)p, (57) 

where L denotes the Lie derivative. The second term in the right-hand side of this formula 
is a metaplectic correction. It makes the operator / (|57|) symmetric with respect to the 
Hermitian form 




Q 



on the pre-Hilbert space E T of sections of T>i/ 2 — > Q of compact support. The completion 
Ex of Et provides a Hilbert space of the Schrodinger representation of the quantum 
algebra At, where the operators (|57D are essentially self-adjoint. Of course, functions 
of compact support on the time axis R have a limited physical application, but we can 
simply restrict our consideration to some bounded interval of R. 

Since, in the case of the vertical polarization, there is a monomorphism of the quantum 
algebra Ay to the quantum algebra At, one can define the Schrodinger representation of 
Av by the operators 

/ = aVK + fP = (~ia k d k - l -d k {a k ) + b)p (58) 

in the same space of complex half-densities on Q as that of At- 

7 Quantum relativistic Hamiltonians 

The representation (|58~D can be extended locally to functions on T*Q which are polynomi- 
als of momenta p\ if they are represented by elements of the universal enveloping algebra 
At of the Lie algebra At- However, this representation is not necessarily globally defined. 
For instance, a generic relativistic quadratic Hamiltonian 

W = a al3 (q x )p a p p + b a (q x )p a + c(q x ) (59) 

is not an element of the enveloping algebra At because of the quadratic term. Written 
locally as a Hermitian element p a a a,3 pp of At, this term is quantized as 

-d a {a^d p p) 
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H = —jfd^. 



where the derivative of half-density dpp is ill-behaved, unless the Jacobian of the coordi- 
nate transition functions on Q is independent of fibre coordinates q k on Q. In particular, 
this is the case of Special Relativity. For instance, the quantum relativistic Hamiltonian 
of a free relativistic point mass in the Minkowski space reads 

1 

2m 

This is exactly the Laplace operator. Accordingly, the relativistic Hamiltonian of a rela- 
tivistic point electric charge takes the form 

H = ^-rr(d„ - ieAJ(d u - ieA v ). 
2m 

If the determinant of a pseudo-Riemannian metric g on Q is not constant, a rather so- 



phisticated procedure of quantization of the Hamiltonian (pE0|) has been suggested in |T5 
However, the Laplace operator constructed in [|lj| does not fulfill the Dirac condition 

[H,f\ = -i{H^f} T , feA T . 

Given a non-relativistic Hamiltonian Tt and its Schrodinger quantization TC, the quan- 
tum constraint equation (|]a) is exactly the Schrodinger equation 

id t ip = Tiip 

of non-relativistic quantum mechanics. 

A short calculation shows that, in the case of a free point mass and a point relativistic 
charge, the quantum constraint equation (|4]b) leads to the well-known equations of a 
classical scalar field. Their interpretation as equations of relativistic quantum mechanics 
however is under discussion. One of the problems is that the procedure of the quantum 
non-relativistic limit fails to be well defined. For instance, the Schrodinger quantization 
d^b) of the classical constraint ([3(J) for a free relativistic point mass in the Minkowski 
space reads 

{vT^du + m 2 )ij = 0. (60) 
The classical constraint can be rewritten in an equivalent form 

Po±K-^ J »)- 1/2 = 0, (61) 
suitable for passing to the non-relativistic limit 

P ° ~ m ~ ^m T]k:>PkPj ' 

However, in contrast with the operator (|60D, the operator ([H]) is not polynomial in mo- 
menta and its Schrodinger quantization is not defined even locally. 



16 



References 

V.Arnold, Mathematical Methods of Classical Mechanics (Springer, Berlin, 1978) 



[2] 
[3] 



[4] 

[5] 

[6] 
[7] 



[9 
[10 

[11 
[12 

[13 
[14 



A.Echeverria Enrfquez, M.Munoz Lecanda, N.Roman Roy, and CVictoria-Monge, 
Mathematical foundations of geometric quantization, Extracta Math. 13 (1998) 135. 



G.Giachetta, L.Mangiarotti and G.Sardanashvily, E-print arXiv: |quant- 
ph/0012036 . 



M.Gotay and J.Sniatycki, On the quantization of presymplectic dynamical systems 
via coisotropic imbeddings, Commun. Math. Phys. 82 (1981) 377. 

M.Gotay, On coisotropic imbeddings of presymplectic manifolds, Proc. Amer. Math. 
Soc. 84 (1982) 111. 

M.Gotay, Constraints, reduction and quantization, J. Math. Phys. (1986) 2051. 

M. de Leon, J.Marrero and E.Padron, On the geometric quantization of Jacobi 
manifolds, J. Math. Phys. 38 (1997) 6185. 

L.Mangiarotti and G.Sardanashvily, Gauge Mechanics (World Scientific, Singapore, 
1998). 

L.Mangiarotti and G.Sardanashvily, Connections in Classical and Quantum Field 
Theory (World Scientific, Singapore, 2000). 

L.Mangiarotti and G.Sardanashvily, On the geodesic form of second order dynamic 
equations, J. Math. Phys. 41 (2000) 835; arXiv: friath-ph/ 9904028 . 

L.Mangiarotti and G.Sardanashvily, Constraints in Hamiltonian time-dependent 



mechanics, J. Math. Phys. 41 (2000) 2858; arXiv: |math-ph/990600T 



G.Marmo, G.Mendella and W.Tulczyjew, Constrained Hamiltonian systems as im- 
plicit differential equations, J. Phys. A 30 (1997) 277. 

C.Rovelli, Time in quantum gravity: An hypothesis, Phys. Rev. D43 (1991) 442. 

G.Sardanashvily, Hamiltonian time- dependent mechanics, J. Math. Phys. 39 (1998) 
2714; arXiv: |dg-ga/971000l . 



[15] J.Sniatycki, Geometric Quantization and Quantum Mechanics (Springer- Verlag, 
Berlin, 1980). 



17 



[16] I.Vaisman, Geometric quantization on presymplectic manifold, Monatsh. Math. 96 
(1983) 293. 

[17] I.Vaisman, On the geometric quantization of Poisson manifolds, J. Math. Phys. 32 
(1991) 3339. 

[18] I.Vaisman, Lectures on the Geometry of Poisson Manifolds (Birkhauser Verlag, 
Basel, 1994). 

[19] I.Vaisman, On the geometric quantization of the symplectic leaves of Poisson man- 
ifolds, Diff. Geom. Appl. 7 (1997) 265. 

[20] N.Woodhouse, Geometric Quantization (Clarendon Press, Oxford, 1980) (2 nd ed. 
1992). 



18 



